FAMILIES OF FINITE-DIMENSIONAL HOPF ALGEBRAS 
WITH THE CHEVALLEY PROPERTY 



MARTIN MOMBELLI 



Abstract. We introduce and study new families of finite-dimensional 
Hopf algebras with the Chevalley property that are not pointed nor 
semisimple arising as twistings of quantum linear spaces. These Hopf 
algebras generalize the examples introduced in |AEG| . |EG1| . [EG2 . 



1. Introduction 

A Drinfeld 's twist, or simply a twist, for a Hopf algebra H is an invertible 
element J £ H®H satisfying a certain non-linear equation, which in some 
sense is dual to the notion of a 2-cocycle. Any twist gives rise to a new Hopf 
algebra H J constructed over the same underlying algebra H such that if R 
is a quasitriangular structure for H then R J = J2\RJ~ l is a quasitriangular 
structure for H J . The twisting procedure is a very powerful tool to construct 
new examples of (quasitriangular) Hopf algebras from old and well-known 
ones. 

It has been used in [N] , [GN1] to construct simple Hopf algebras by twist- 
ing group algebras, see also [GN2J. In [AEGJ the authors introduce some 
families of triangular Hopf algebras by twisting finite supergroups. The idea 
of the construction is roughly the following. They begin with a finite group 
G with a central element of order two u £ G, V a finite-dimensional rep- 
resentation of G where u acts as —1 and B £ S 2 (V). The tensor product 
of the exterior algebra A(V) and the group algebra kG is a braided Hopf 
algebra in the category of Yetter-Drinfeld modules over Z2 . The twisting of 
A(V)®k.G by the exponential e B of the symmetric element B gives a new 
braided Hopf algebra and by bosonization a (usual) Hopf algebra. 

This idea was developed further in a series of papers [EG2j . |EG3j . [EG4J 
culminating in the classification of finite-dimensional triangular Hopf alge- 
bras. Also in [EGl] further properties of this family have been studied. 

The main goal of this paper is generalize this construction replacing the 
group Z2 by an arbitrary finite Abelian group V and V by a quantum linear 
space over G such that T is in the center of G. As expected, the role of the 
exterior algebra is played by the corresponding Nichols algebra 05 (V). This 
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construction gives in some cases new examples of finite-dimensional Hopf 
algebras. 

The contents of the paper are the following. In section [3] we briefly recall 
the definition of quantum linear space over a finite group and the definition 
of twist over a braided Hopf algebra. We associate to any twist over a 
braided Hopf algebra a twist over the corresponding bosonization. For any 
quantum linear space V we construct families of twists in 55 (V) using the 
quantum version of the exponential map. 

In section |4] for any quantum linear space V over a finite group G and a 
subspace W C V, a subgroup F C G and a twist J for the group algebra 
kF we introduce the definition of the Hopf algebras A{V, G, W, F, J, T>) and 
we study the particular class of these Hopf algebras when V = W, F = T, 
J = 1(8)1, that we denote by A(V, G, T>). In the non-trivial cases these finite- 
dimensional Hopf algebras are new. We describe some isomorphisms of the 
Hopf algebras A(V, G, V) and we study the algebra structure of A(V, G, T>)* 
from which we give necessary and sufficient conditions for the Hopf algebra 
A(V, G, V) to be pointed. 
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gratitude to S. Simondi and Y. Gonzalez for the warm hospitality. I also 
want to thank N. Andruskiewitsch for his interest in this work and for his 
comments that led to a better presentation of the paper. 



Throughout the paper k will denote an algebraically closed field of char- 
acteristic and all vector spaces and algebras are assumed to be over Ik. 

If G is a group and (V, S) is a left G-comodule we shall denote V g = {v G 
V : 5(v) = g®v} for all g G G. 

If q G k, n G N denote (n) q = l + q + ■ ■ - + q n ~ l and as usual the q-factorial 
numbers: n\ q = {l) q (2) q . . . (n) q . The quantum Gaussian coefficients are 
defined for < k < n by 



The following technical result will be needed later. 

Lemma 2.1. Let a,i,j,N G N, q G k such that q N = 1, 1 < N. If 

< a,i,j < N and i + j = N + a, then 



2. Preliminaries and notation 




q 



(2.1) 




Proof. Let x, y be elements in an algebra such that yx = q xy. Equation (|2.ip 
follows by using the quantum binomial formula to expand (x + y) a (x + y) 



FAMILIES OF HOPF ALGEBRAS WITH THE CHEVALLEY PROPERTY 3 

and (x + y) l {x + y) J , and then compute the corresponding coefficient of the 
term x a y N . □ 

If x is an element in an algebra such that x N = and q E k, the q- 
exponential map [Kj is defined by 

N-l 1 

exp 9 (x) = J2 Tn\T 

n=0 V >' q 

The element exp q (x) is invertible, see [K, Prop. IV.2.6], and the inverse is 
given by 

N-l 

{n)\ q X ' 

n=0 V ' q 

We shall need the following result. 

Lemma 2.2. [Wj Lemma 3.2] If q is a N-th root of 1, xy = qyx and 

\( x + V) = exp g ( 



! ^ { _ irq n(n-l)/2 



x l y N 1 = /or any i = . . . N then exp (x + y) = exp (x) exp (y). □ 



3. Twists in Quantum linear spaces 

We shall describe some families of twists over quantum linear spaces and 
describe twists for some (usual) Hopf algebras constructed from braided 
Hopf algebras. 

3.1. Quantum linear spaces. We shall recall the definition of quantum 
linear spaces introduced in |AS 1 . Let G be a finite group and 9 £ N. Let 
g 1 ,...,g e e G, xi,---,Xe G G. Denote = Xjidi), Qi = Qu, for any 
i, j = 1, . . . , 0. Let Ni be the order of qi which is assumed to be finite and 
Ni > 1. The collection (g\, . . . , gg,xi, ■ ■ ■ ,Xe) is a datum for a quantum 
linear space if 

(3.1) gih = hgi, XiXj = XjXi for all and all h & G, 

(3.2) qijqji = 1 for all i ^ j. 

We shall denote by T the Abelian group generated by {oj : i = 1, . . . , 9}. 
Let V be the vector space with basis {x%, . . . , xg}. With the following maps 
V is an object in ^yD: 

5{xi) = gi®xi, h- xi = Xi(h)xi. 

We shall denote V = V(g±, . . . , go, xi, ■ ■ ■ , Xe)- The associated Nichols alge- 
bra [AS2] %$(V) is the algebra generated by elements {aci, . . . ,xg} subject 
to relations 

(3.3) x i i = 0, XiXj = qij XjXi if i ^ j. 

*B(V) is a braided Hopf algebra in with coproduct determined by 

A(xj) = + l®Xi for all i = 1, . . . , 0. The braided Hopf algebra %$(V) 
is called a quantum linear space. 
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Using the quantum binomial formula we get that for any i, n 

„ri—k 



a (^) = e it) 4®* r i 

k=0 



There is an isomorphism 5S(U)* ~ ^(V*) of braided Hopf algebras. For 
any i = 1, . . . , and < n < AT; define X[ x . . . X r e ° the element in <B(V)* 
determined by 



lL=i ( r i) ! <?i if r i = s i> for a11 i = !) 
otherwise. 



The braided Hopf algebra 53(F)* is generated by elements Xi,...,Xg 
subject to relations (13. 3j) . The coproduct is determined by A(JQ) = Xj®l + 
ltgX; for all ? = 1, ... ,9. 

3.2. Twists in braided Hopf algebras. Let % be a braided Hopf algebra 
in the category §3^-D- A twist for % is an invertible element J £ / H,®li such 
that 5(J) = l(g)J and 

(3.4) (A®id)(J)(J®l) = (id®A)(J)(l®J), (e®id)(J) = 1 = (id®e)(J). 

Here 5 : H&H — > kG®'H®'H is the coaction of %<g>'% in the category g^-D. 
As for usual Hopf algebras there is a new braided Hopf algebra structure 
on the vector space Ti with the same algebra structure and coproduct given 
by A J (/i) = J~ 1 A(h)J, for all h € %. This new braided Hopf algebra is 
denoted by U J . See [A"EG] . 

Two twists J,J £ ?i are gauge equivalent if there exists an invertible 
element c £ H such that e(c) = 1, 5(c) = l(g>c, g • c = c for all g £ G and 

J = A(c)J( C - 1 ^c" 1 ). 

In this case the map <ft : % J — > T-L J , <p(h) = chc~ l is an isomorphism of 
braided Hopf algebras. 

Remark 3.1. The product of elements in HC^H or in HtSfli&H, as in equa- 
tion (|3.4p . is the product in the tensor product algebra as an object in the 
corresponding braided tensor category. 

The following technical Lemma will be of great use later, the proof is 
straightforward. 

Lemma 3.2. Let J, J' be twists for %. Assume that 

(3.5) (l<g>J)(id<g>A)(J') = (id®A)(J')(l®J), 

(3.6) (J<2>l)(A<g>id)(J') = (A<8>id)(J')(J®l). 

Then the product J J' is a twist for H . □ 
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For any element J G H®H we shall denote by T~i*^ the vector space H* 
with product given by 



(3.7) (X*Y,h) = (X,h {1) (h {2) ) i _ 1 y J^iY^h^^J 2 ), 

for all X,Y en, h £H. 

Lemma 3.3. The above product in 7~L*^ is associative if and only if J 
satisfies 

(A®id)(J)(J®l) = (id®A)(J)(l®J). 

In particular Wfn is an algebra with unit e in the category if and only 

if J is a twist for % . □ 

Let us mention some applications of Lemma 13.71 Denote W the 1- 
dimensional vector space generated by x. The space W is a Yetter-Drinfeld 
module over G with structure maps given by 

8{x)=g®x, f-x = x{f)x, 

where g G G, x £ G, and q = xio)- Assume that q has order N > 1 and 
that g N = 1. Thus *B(W) = k[x]/(x N ). For any £ G k denote 



(3 - 8) 

Proposition 3.4. is a twist for Q5(W). 

Proof. Clearly is invertible with inverse given by J_£, also (e® id )(</<;) = 
1 = (id ®e)(«7f). Let us prove that Q5(PF)*j ^ with the product (|3.7p is as- 
sociative. The vector space Q5(W)* has a basis consisting of elements {X 1 : 
i = 0,... ,N - 1}, where (X*,^') = S itj (*!), for any i, j G {1, ... ,N — 1}. 
For any < i, j < N we have that 



(3.9) X* * 



X i+ ^' if t + j < N 

£X a ifi + j = N + a,0<a<N. 



Hence X 1 * (X k * X 1 ) = [X 1 * X k ) * X 1 for any i, j, k and the product * 
is associative. Let us prove that X 1 * X 3 = £ X a when i + j = N + a, the 
other case is straightforward. By definition if h G 5B(W) then {X 1 * X 3 ,h) 
is equal to 



N-l 
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Thus it is clear that if h ^ x a then (X 1 * X\h) = 0. We have also that 
(X\ (x a ) {l) )(Xi, (x a ) {2) ) = 0, then (X i * X^x a ) is equal to 



N-l a 



N—l a^s £ Ik 



E 

«=0 



l) Q {N -i-l + a)\ q (i + l-a)\ q 



s l I \a — I, 

1=0 \'/ q\ / g 



The last equality follows from (|2.ip . □ 



Let V = V (51,52) be the 2-dimensional Yetter-Drinfeld module for some 
datum of a quantum linear space. Assume that 5152 = 1 and that N\ = 
N = N2, qi = q = q^ 1 is a iV-th primitive root of unity. Then 95(V) is the 
algebra generated by x, y subject to relations 

N n N 

x = U = y , xy = qyx. 



For any a £ k set B = a x<S)y and J a - 
ward computation that (1®.B)(.B®1) 
tials commute exp 9 (l<g).B) exp q (B($l) 



= exp q (B). It follows by a straightfor- 
= (_B®l)(l(g).B), hence the exponen- 
= exp q (B®l) exp q (l®B). 



Proposition 3.5. J a is a twist for %$(V) in the category ^yD. 

Proof. The proof goes in a similar way to the proof of \W\ Thm. 3.3]. It is 
immediate to verify that (e<8>id)(J a ) = 1 = (id®e)(J a ). First note that 

(A<g>id)(exp 9 (£)) = ex P(? ((A<g>id)(5)), exp,(B)<g>l = exp,(5®l) 

and 



(id®A)(exp,(B)) = exp ff ((id®A)(J3)), l®exp q (B) = exp q (l®B). 

Let us denote C = a(:r®l®y), then 

(A®id)(B) = C + 1(8)5, (id ® A)(£) = C + £®1. 

It follows easily that g (£®1)C = C7(B®1), (1®B)C = g C(1®B) and for 
any = ... iV we have that C k {B<®l) N ~ h = C k (l®B) N ~ k = 0. Then 
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using Lemma 12.21 we get that 
(A®id)(J )(J o ®l) = exp 9 ((A®id)( J B))exp g ( J B(g.l) 
= exp 9 (C + (1®B)) exp 3 (B®l) 
= exp g (C) exp 3 (l(g)B) exp q (B<S)l) 
= exp g (C) exp q (B®l) exp q (l®B) 
= ex P(? (C + exp 9 (l®B) 

= exp 9 ((id®A)( J B))exp 9 (l(g)5) = (id ®A)( J a )(l® J a ). 

□ 

3.3. A Hopf algebra associated to a braided Hopf algebra. Let F be 

a finite Abelian group and % G ^yD such that T is a subgroup of the group- 
like elements in T~L and for any g G T, 5(g) = l®g. Here 5 : H — > kT^T-L is 
the coaction. Inspired by [AEG] we shall construct a Hopf algebra H such 
that the tensor categories of representations of H and T~L are equivalent. 

Consider the bosonization T-L^kT. The ideal I generated by elements 
h#l - l#h for all h G T is a Hopf ideal. Define H = H#fcT/I. The class of 
an element x®g G H#kT in the quotient H will be denoted by x®g. 

If J G T-L&H is a twist, define 

(3.10) J = (id^)(J)#l = ^^#1. 

We shall use the notation J = J 1 ® J 2 = j l ®j 2 . 

Theorem 3.6. The element J G H®H is a twist. If J is V -invariant, that 
is g . J = J for all g G T, then H J #kT/I ~ H J . 

Proof. Clearly J is invertible with inverse J -1 = (id <5$<5)(^7" — Applying 
(id ®5®5) to (A<g)id)(J')(J'<g)l) we obtain 

J\l) {J 1 (2)(-l)J 2 {-2)) ■ j 1 ®J l (2){-l)f(-l)® 

®J 1 (2){0)J 2 {-1) ■ j\o)®J 2 (-l)®J 2 (0)- 

Applying to this element (id <g>id <S>id ®A(g)id ), multiplying the fourth and 
second tensorands and using the cocommutativity of kr with obtain 

(3n) j\l)(j\2)(-2)J 2 (-4)) •i 1 ^ l 7 1 (2)(-l)^ 2 (-3)/(-l)® 

<8> J 1 (2){0)J 2 {-2) ■ 3 2 (V)®J 2 {-1)®J 2 {0)- 

On the other hand, applying (id <S><5<g><5) to (id®A)( l 7")(l®J7') we obtain 

1 2 ■ 1 2 2 *12 '2 2 - 2 

J" ®i7 (l)(-l)j (-1)®i7 (l)(0)^ (2)(-2)'J (0)®»7 (2)(-l)J (2)(0)j (0)- 

Again, applying to this element (id ®id ®id ®A(g>id ) and multiplying the 
fourth and second tensorands we obtain 

J rl <8)v7 2 (i)(_i)J r2 (2)(-2)J 1 (-l)i 2 (-l)(l)®^ r2 (l)(0)^ 2 (2)(-3) ■ j 1 ^)® 

®^ 2 (2){-l)3 2 \-l)(2)®J 2 (2)(0)j 2 : (0)- 
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Using the cocommutativity of kr and that 5( J) = 1®J then the above 
element is equal to 

®J 2 (2)(-l)j 2 (-l)®J 2 (2)(0)j 2 (0), 

and since the coproduct is a morphism of kr-comodules the above element 
is equal to 

(3-12) 

J 1 ® J 2 (X)®J 2 \o)(l)J 2 (0)(2)(-2) • 3 {Q)®J 2 (0)(2)(-l)j 2 (-1)®J 2 (2)(0)j 2 (0)> 

The element (A<g)id)(J)(J<g)l) is equal to 
(A«id)(WHi®JVl)(^l) = 

= ^1)^(2)1-2) J 2 ^)) " J W(2)(-l) J 2 (-3)J 2 (-1)® 
®J\2 m J 2 {-2) ■ 3 2 ( )#J 2 (-l)®J 2 (0)#l, 

and (id<g>A)(J)(l®«7) equals 

(id®A)(JWV^JVl)(l®J) = 

= J 1 #^ 2 (l)<»J 2 (0)(l)^ 2 (0)(2)(-2) ■ J 1 (0)#^ 2 (0)(2)(-1)J 2 (-1)® 
®^ 2 (2)(0)J 2 (0)#1- 

Since J7" is a twist then equations (|3.1ip . f|3. 12|) are equal, hence we con- 
clude that (A®id)(J)(J®l) = (id(g)A)(J)(l(g)J). It follows easily that the 
coproduct of Ti^j^kT /I coincides with the coproduct of H J . □ 

3.4. The exponential map in quantum linear spaces. Let G be a finite 
group and 9 G N, (g±, . . . ,gg, xi> ■ ■ ■ > Xo) be a datum for a quantum linear 
space and V = V(gi,.. -,ge,Xl, ■ ■ ■ >Xfl)- 

Let V = {aij e k : 1 < i, j < 6, i ^ {& 6 k : 1 < i < 9} be a family of 
9 2 scalars. We shall say that T> is compatible with the quantum linear space 
V if 

(3.13) oy = if g i9j + 1, & = if g^ + 1. 

Let F C G be a subset. We shall say that the family of scalars T> is 
F -invariant if 

(3-14) Xi{g)Xj{g)aij = <Hj, 

(3.15) xf(s)&=& for all 5 €F. 

In particular if 2? is compatible with then it is T-invariant, which 
amounts to 

(3.16) dij = if qikQjk 1 f° r some k = 1, . . . ,9, 

(3.17) & = if gg* ^ 1 for some j = l,...,9. 
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If g E G and V\ = {ay G k : 1 < i,j < 0, i + j} U {& G k : 1 < i < 9}, 
V 2 = {a'^ 6 k : 1 < i, j < 0,i ^ j} U {£■ e k : 1 < i < 0} are two families of 
scalars we will denote 

V 1 +V 2 = {aij + ^ e k} u {& + £ e k : 1 < i < 0}, 
9-T>i = {Xi{g)xM % e k} u { x f (g) & € k : 1 < i < 0}. 

We shall say that a family of scalars T> is q-symmetric if ctjj = —qijCiji for 
any 1 < i, j < 9,i ^ j. We shall denote 

P = {bij G k : 1 < i < j < 9, i / j} U {& G k : 1 < % < 6} 

where by = qyaji — ay. Clearly T> is q-symmetric. 

Define By = ay x&x;, J ?l = 1®1 + Y,k=i {N t -k)\ qi k\ qi x? l ~ k ®4 and 

6 

(3.18) Jv = \{h t ex P* y (%)- 

Theorem 3.7. Let V be a compatible family of scalars with V. Then Jp is 
a twist /or Q3(V) in the category f 

Proo/. Follows by that 

(l®5 ii )(id®A(5 w )) = (id ®A(B H ))(1® By), 

(By®l){A(B M )®id) = (A(5 fc ,)®id)(B ii ®l), 

thus 

(1® exp g . . ( J B ij ))(id ® A(exp gfc; (B w ))) = (id ® exp, w (B w ))(l® exp q . . (By)), 
(«q> gy (S«)®l)(A(exp fffcI (5 fcl ))®id) = (A(exp, w (B w ))®id)(exp Wi (5 -)®l). 
Using Lemma 13.21 we obtain that rii<i<j<0 ex Pgj (-^u) i s a twist- It follows 
from (I3TT71) that 

(l®rcf- fc ^)(id^A)(a;f ~ a 0a;») = (id®A)(^" a ®^)(l®sf i - fc ®^), 

thus by Lemma 13.21 we conclude that Yli=i ^6 i s a twist. 

It follows from (13371) that (x^~ k ®x^ )(x z ®x 3 ) = (x;(g)x j )(xf I ~ fc ®x* : ), 
thus exp ? and commute. Let i, j, fc = 1, . . . , 6, 1 < a < N k , then 

{\®x^ k ~ a ®x c j t ){xi®\®Xj + £j(g>Xj(g>l) equals to 

= Xi®X k k ®X k Xj + g fcj - Xi®X k k Xj®X k 

= Qkj Xi®x k ®XjX k + q k k Xi®XjX k k ®x k . 

On the other hand (xi®l®Xj + Xi®Xj®l)(l®x k k ~ a ®x k ) equals to 

Qjk Xi®x k k ®XjX k + Xi®XjX k k ®x k . 

Using (|3.17p follows that (\®x k ^ k ~ a ®x k ) and (id ®A)(xi®Xj) commute, hence 
(1®J^) and (id®A)(exp ?r (By)) commute. Similarly we can prove that 
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(J^<8>1) and (A®id)(exp gr (-By)) commute. Using again Lemma 1331 follows 
that Jp is a twist. □ 

Remark 3.8. For any 1 < k, I, s, t < 9 we have that 

ex P<ta ex P<? s * ( B *t) = ex Pg,t (^s*) ex P? fei 

exp^fBfc,)^. = J c . exp gw (S w ), = 

Remark 3.9. It would be interesting to study the exponential map for other 
types of Nichols algebras. 

4. HOPF ALGEBRAS A(V, G, W, F, J, V) 

Let G be a finite group and 6 E N, (<7i, . . . ,50, Xl> • • • > Xe) be a datum for 
a quantum linear space and V = F(<7i, • • • ,g$, Xi> • • • > Xe)- As before T is 
the Abelian group generated by {gi : i = 1, . . . , 9}. Note that T is contained 
in the center of G. Using ideas contained in [AEG] we shall construct Hopf 
algebras coming from twisting 53(U)#kG. 

By restriction V is an object in fj^-D. The vector space <B(U)® k kG 
has a structure of braided Hopf algebra in f as follows. The coaction 
5 : <B(U)® k kG -> kr® k 33(U)® k kG and the action • : r® k 33(U)® k kG -> 
53(U)® k kG are determined by 

5(u®<7) = V(_i)®V(o)®<7) ^ ■ (^®<7) = ^ • v®g, 

for all t> E 25(V), E G, h E I\ The product and coproduct in 23(U)® k kG 
are given by 

(v®g)(v'®g') = vg ■ v'®gg', A(v®g) = t»(i)®ff®f ( 2 )®5, 

for all v,v' E «8(V), E G. 

Let F be a subgroup of G such that r < F, let C V be a subspace 
stable under the action of F and W s C for all g E i 7 . In this case we 
can consider the braided Hopf algebra < £>(W)®hF. Let T> be an F- invariant 
family of scalars for the quantum linear space W and let J be a twist of tF. 

Lemma 4.1. The element Jp® J ® Jp® J 2 is a tois£ /or i/ie braided Hopf 
algebra *B(W)®kF in the category f^D. 

Proof. Both elements Jjj®1® Jp®l, 1® J 1 ®!® J 2 are twists. Note that for 
any g £ F we have that g ■ Jv = Jg-v, hence 

(1®£®1®C/)(J^®1® j|,®l) = Jg.T>®9® J g-V®9- 

Since T> is i^-invariant follows that equations (]3.5p and (|3.6p are satisfied 
and by Lemma I3~2l jj-,® J 1 ® jj,® J 2 is a twist. □ 

Abusing the notation we shall denote by JpJ the twist J-p®./ 1 ® J- 2 ,®,/ 2 . 
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Definition 4.2. Under the above assumptions we define the braided Hopf 
algebra 

A(V, G, W, F, J, V) = (®(V)®kG) Jt> j 
in the category \yD. Using the bosonization procedure we construct the 
Hopf algebra A(V, G, W, F, J, V)#kT. The bilateral ideal I generated by 
elements l®h#l — l®l#h for all h £ T is a Hopf ideal. Thus we define the 
Hopf algebra A(V, G, W, F, J, V) as the quotient A(V, G, W, F, J, V)#kT/L 
If V = W, F = G and J = 1®1 we shall denote the Hopf algebra 
A(V, G, V, T, J, V) simply by A(V, G,T>). 

Remark 4.3. Note that if T> = 0, that is if aij = = for all 1 < i,j < 9, 
then J v = 1®1 and A(V,G,0) = 5S(U)#kG. 

Corollary 4.4. A(V,G,W,F, J,V) is twist equivalent to <B(y)#kG. 

Proof. It follows from Theorem 13.61 □ 

Definition 4.5. [AEG] A tensor category is said to have the Chevalley 
property if the tensor product of simple objects is semisimple. A Hopf 
algebra H has the Chevalley property if the category of left -ff-modules 
does. 

If H is a Hopf algebra with the Chevalley property and J £ H®H is 
a twist then H J has the Chevalley property. Hence the families of Hopf 
algebras A(V, G, W, F, J, V) have the Chevalley property. 

Example 4.6. [AEG] Let G be a finite group and u £ G be a central 
element of order 2. Let V be a G-module such that u ■ v = —v for all v £ V. 
The space V is a Yetter-Drinfeld module over G by declaring V = V u , thus 
T = Z2. Let {xi, . . . , x#} be a basis of V. In this case qij = — 1 = qa for all 
1 < i, j < 6* and the Nichols algebra 5B(V) is the exterior algebra AV. 

Let £> = {dij £ k : 1 < i,j < 9, i / j} U £ k : 1 < i < 9} be a family 
of scalars. Note that X> is automatically Z2-invariant. Define 



B = a ij Xi®Xj + %i®Xi £ V®V- 

iytj i=l 

Since qij = — 1 then J-p = e B . Our definition of A(V,G,V) coincides with 
the definition given in [AEG| . see also [EG1| . where this algebra is denoted 
by A(V, G, B). Note, however, that in loc. cit. the authors assume that the 
element B is symmetric, that is B £ S 2 (V). 

Let us develop a more particular example. Assume that V has a basis 
{x,y}. If a £ k denote B a = a x®y — a y®x. In this case the twist 
e Ba is gauge equivalent to the trivial twist l<g>l. Indeed if c = e axy then 
e Ba = A(c)(c" 1 (g)c~ 1 ). Thus A(V,G,B a ) ~ AV#kG. The isomorphism is 
given by conjugation by c, thus one can not expect to apply [EGH Prop. 
2.1] in the general situation. Also A(V,G, B a ) is super cocommutative but 
B a is not G-invariant hence [EG1, Corollary 5.3] is no longer true when B 
is not symmetric. 
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Example 4.7. Let G be a finite group with a character x '■ G — > k x . Let be 
n G N and £ € k. Let « € G be a central element of order n and x( u ) = <? be 
a ra-th primitive root of unity. Let V be the one-dimensional vector space 
generated by x with structure of Yetter-Drinfeld module over G given by 

5{x) = u®x, g ■ x = x(g) x, for all g G G. 

The Nichols algebra of V is isomorphic to k[x]/(x ra ). If T>^ = {£} then 
A(V, G, Dg) is isomorphic to the algebra generated by elements {x, g : g G G} 
subject to relations 

x n = 0, gx = x(g) xg, for all g G G. 

The twist in this case is = 1(81 + Yuk=l ( n -k)\ fc! x n ~ k <g>x k and the 
coproduct is given by formulas 

A(x) = x®l + u®x, A(g) = g®g + ^ / _ ?• ,~ x n ~ k u k gm k g. 

We shall prove later that if £ / and x™ / 1 then A(V, G, £>£) is not a 
pointed Hopf algebra and (unfortunately) A(V, G,V^) ~ A(V, G,T>x). 

4.1. Some isomorphisms of A(V,G,X>). In this section we shall present 
some isomorphisms of Hopf algebras A(V, G, P) in a similar way as in |EG1} 
Prop. 2.1]. 

Remark 4.8. The coproduct of the braided Hopf algebra 93(V)<8>kG is given 
by: 

A J v( v ®g) = Jp 1 A(v®l)(l®g®l®g)J v = J^ 1 J g . v A{v®g), 

for all <? € G, u G 35 (V). This equation follows since J"dA(u<8>1) = A(v<S>l)Jv 
for all v G 35(F). This implies that if T> is G-invariant then A(V, G, T>) ~ 
35(I/)#kG. In particular if G = T then A(V, G,£>) ~ 35(I/)#kG. 

Let G, G' be finite groups, V, V be quantum linear spaces over T and V 
respectively with basis {x±, . . . , xq} and {x^, . . . , x^} respectively. Let V, V 
be families of scalars such that T> is T-invariant and T>' is T'-invariant. 

Proposition 4.9. T/ze Hopf algebras A(V,G,T>), A(V', G', V) are isomor- 
phic provided there is a group isomorphism <j) : G —¥ G' such that 4>(T) = T' 
and a isomorhism r/ : V — > <f)*(y') of Yetter-Drinfeld modules over G such 
that (77(877) (J©) = Jv'Jf, where V is G-invariant. 

Proof. We shall prove that the braided Hopf algebras 35(F)<8kG, <B{V')®kG' 
are isomorphic. The map 77 can be extended to an algebra map 77 : 35 (V) — > 
35 (V). Define V : 35(y)<8kG -> <3(V')®kG' by 

ip(v®g) = r](v)®(f)(g), for all v G 35(F), g G G. 

Clearly ip is a bijective algebra morphism. If v G 35 (V), 5 G G then 

A J v(ip(v®g)) = J-}j g . v ,A{ij}(y®g)). 
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On the other hand 

(ip®ip)A J v(v®g) = (77(8)77) (J^Jg.v) W>®^) A(v<g)#) 

= J v> J v lj <t>{g) v> J <t>( g ).v (il>®i/>)A(v®9) 

= J v } J <t>{g)-V J^ 1 J^®^)A(v(g)g) 

= J v }jg. v >A{'4)(v®g)). 

The third equation follows from remark 14.81 □ 

4.2. The algebra structure of A(V, G, V)* . In this section we shall de- 
scribe the algebra structure of A(V, G, T>)* following very closely the proof 
given in [EG1]. As a consequence we shall give necessary and sufficient 
conditions for the Hopf algebra A(V, G,T>) to be pointed. 

We shall keep the notation of the previous section. Let S C G be a set of 
representative classes of G/T, that is G = Uses' For any s G S define 



A s = {v®g#l : v G 95(F), g G sT}. 

HV= {dij G k : 1 < i, j < 6,i ^ j} U {& G k : 1 < i < 6} is a 
family of scalars then we define 91(2?, T) as the algebra generated by elements 
Xi, . . . , X0, 7 € r subject to relations 

7Xj = Xiil) Xj7> Xf l = &1, XiXj - qij XjX { = dijl. 
The following result seems to be well-known. 

Lemma 4.10. The algebra *R(T>,T) is basic if and only if dij = = £j /or 
all0<i,j<9. □ 

The following result generalizes [EG1, Thm. 5.2]. 

Proposition 4.11. The following hold: 

1. .For any s 6 S i/ie space j4 s is a subcoalgebra, 

2. A(V,G,V) =® seS A Sl 

3. i/iere is an isomorphism of algebras A* ~ y{(T> — s ■ T>,T). 

Proof. 1. It follows from the definition of the coproduct of A(V, G,T>) and 
the fact that the twist J v G 58(V)®58(y). 

3. The product in ^4* is described as follows. If X, Y G A*, h G A s then 

(4.1) (X * Y,h) = (X, J- l hj l ){Y, ,r 2 hj 2 ), 

where J = j 1 ®.?' 2 = Jp®l#l®J|,®l#l, J _1 (g)J _2 = J -1 . A base of ^ is 
given by {x^ 1 . . . x r e e (&s^#l : 1 < rj < TVj, 1 < i < 9, 7 G T}. A base for the 
dual space A* is given by the family {X^ 1 . . . Xn 9r ) : 1 < rj < Ni, 1 < i < 
9,g G r} where 

(A-...^V,^...4^S7#1) = I - 1 W*^'^ if n = S ^ 
x 1 e 1 e 7 |0 otherwise. 
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Here (g*,gi) = Xi{g)i f° r an 9% £ r. It is not difficult to verify that using 
the product (14. ip the following equations hold: 

g**f* = (<?/)*, g**Xi = Xi(g)x ig *, x t *Xj = x^+ax^) -1)^)1, 

Xi * X?*- 1 = (& - xf 0)&)1, *i * X* = Xf +' for aHk + KNi-1, 

for all g, f £ T, I < i,j < 9. We shall give the proof of third equality, 
the proofs of the other equations are done in a completely similar way. Let 
g G r then 

(X t * Xj , l®s 5 #l) = , Jv3l v ®sg#l) {Xj , J v 2 j 2 s . v ®sg#l) 

= -aij(Xi,Xi®sg#l)(Xj,Xj®sg#l)+ 

+ XiXj{s)aij(Xi,x i (g>sg#l)(X j ,x j ®sg#l} 

= ~a%j + XiXj{s)a-ij- 

For the second equation we are using that the coefficient of the term Xi®Xj of 
exp g ._. (Bij) -1 is —dij. Since (Xj*Xj, XiXj®l#l) = 1 and (Xj*Xj, u®l#l) = 
for any u G 95 (V) different from 1 and X{Xj then the result follows. 
Observe that since XiXj = qij XjXi then 

Xi * Xj - qij Xj *Xi = (qijdji - dij + XiXj(s)aji - qijXiXj(s)aij)l. 

Whence there is a well-defined projection 5H(X> — s ■ V,T) — > A* s and since 
both algebras have the same dimension they must be isomorphic. □ 

We can generalize [EG14 Corollary 5.3]. 

Corollary 4.12. The Hopf algebra A(V, G, V) is pointed if and only ifT> is 
G-invariant. In particular ifT> is q-symmetric then A(V,G,T>) is pointed if 
and only ifT> is G-invariant if and only if A(V,G,T>) ~ s B(V)#kG. 

Proof. A(V, G,T>) is pointed if and only if A s is pointed for all s G S if and 
only if ^4* is basic for all s G S if and only if y\(T> — s ■ T>,T,s) is basic for 
all s G S if and only if T> is s-invariant for all s G S. 

If T> is q-symmetric then aij — q%jOji = 2aij thus T> is G-invariant if and 
only if T> is G-invariant. If T> is G-invariant then by Remark \%JS\ A (V, G, T>) ~ 
93(V)#kG thus A(V,G,V) is pointed. 

□ 

Question 4.1. IfV is G-invariant then A(V,G,V) ~ 93(y)#kG ? 

As a last remark I would like to point out that the dual of the Hopf algebra 
A(V, G, W, F, J, T>) has coradical k G and this family could be helpful to the 
study of Hopf algebras with coradical a Hopf subalgebra that has recently 
began in [AV]. 
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